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Why Non-Convex Optimization Is Hard

705 :{0 if x =x"

1 othewise

f(x) = min{||x — x*|[,,e} Vx€BY}
- [ is 1-Lipschitz

To be able to minimize f, we need get access to the

region where f(x) # € \/
Vol,,({x : f(x) # €}) = €™ - Vol ,(B})

Need Q(1/€™) queries to f
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Detour: Packing and Covering

Let S € R"
Packing number M (S, €) := max {M : 3{x;}iera € S such that ||xl - xj”z > e forall i ij}

Covering number N(S, €) := min{N {xi}iernv) € Ssuchthat S © Uy (x; + EBQ)}

Theorem. \/® o\
@)
M(S,2¢) < N(S,€) < M(S, ) § }
1\" Vol,(S) 3\ Voly(S) N
(e) Vol, (BMH) = N(S' E) = M(S' E) = (e) Vol, (B
0 0. 19
O
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Why Non-Convex Optimization Is Hard

Lemma. No algorithm A which accesses a target 1-Lipschitz function f: B} — R using a value
n
oracle can optimize f to additive error € in < (2—16) — 1 queries.
Proof.
1 n
Since M(B}, 2¢) > (Z) , let {x;};erpm1 be such a maximal packing of B

For each i € [M], define f;(x) = min{||x — x;||,, €}

n
If #queries < (i) — 1, then 3i # j € [M] such that no query point liesin (x; + €B}) U (xj + EBQ)

Thus, A cannot distinguish f; and f;
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Convexity

Definition (Convex set). We say a set X € R" is convex if for all x, x" € X the line segment

between x and x' liesin X, i.e.,
1-ADx+Ax'eX VA€E]|O01]

Correspondingly, for any A € [0,1], we call (1 — A)x + Ax’ a convex combination of x and x'.

Definition (Convex function). We say a function f: X — R is convex if X is convex and for all
x,x' € X the linear interpolation of f(x) and f(x’) overestimates the function on the line
segment between x and X', i.e.,

fFlA=-Dx+x) <A -Df(x) +Af(x)  VA€e[0,1]
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Convexity

Convex set = convex function:

For any convex S € R", define the indicator function of S by

10 ifxes n
ds(x) == {OO xS Vx € R

Os is a convex function
Convex function = convex set:

The epigraph of f: R™ - R U {0} is epi( f)
epi(f) ={(x,t) ER*"XR:t > f(x)} f

f is convex if and only if epi(f) is convex

| o
min f(x) < goin ¢
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Convexity

Convex set = convex function:

- Forany convex S € R", define the indicator function of S by

10 ifxes n
ds(x) == {OO xS Vx € R

Os is a convex function

Convex function = convex set:

- Fort € R, the level setof f at tis
{xeR": f(x) <t}

If f is convex then any level set is convex

- The converse does not hold
Quasi-convex
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Convexity: Analytic Properties

Lemma. Let f: X — R be differentiable. Then f is convex if and only if
fx') = f(x) +(Vf(x), x" — x)
Proof of “=".

. Convexity implies that forany A € (0,1),

f(A=Dx+x') — (1 - Df(x)
A

ME)+A=-Dfx) = f(A-Dx+ ") & f(x)=

f(A-Dx+ax") -1 -Df(x)
A

o) + iy LEHAE =)~/

= () + DFO[x — 2] = f(x) +(Vf(x),x" —x)

Directional derivative

AR
f(x') = lim
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Convexity: Analytic Properties

Lemma. Let f: X — R be differentiable. Then f is convex if and only if
f(x) = f(x) +(Vf(x),x" —x)
Proof of “<".
Forany A € (0,1),letx; == Ax" + (1 — AD)x
- f(XN) = fx) +(VF(xp), x" — x;3)
- f(x) = f(x) +(Vf(xp), x — x3)

« Thus, we have
Af(xXD)+ @A =Df(x) = fxp) +(VF(xp), Ax" — x) + (1 — D(x — x2)
=f(x) +0=f(Ax"+ (1 - Dx)
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Convexity: Analytic Properties

Lemma (First-order optimality). Let f: X — R be differentiable and convex. Then
x* € argrréi)rclf(x) & (V) x*—x)<0vVxeX
X

Proof.

If (Vf(x*),x* — x) < 0, then by the previous lemma, for any x € X, we have

fQ) = f(x") +(Vf(x"),x" —x) = f(x7)
If x* € X is a minimizer, suppose (Vf(x*),x* — x) > 0 forsome x € X
Consider x; := (1 — D)x* + Ax € X for 1 € [0,1] and ¢p (1) = f(xy)
¢'(0) = Df(x")[x — x*] = (Vf(x"), x —x) <0
Thus, there exists a sufficiently small A > 0 such that ¢(1) < ¢(0), i.e., f(x3) < f(x*), contradiction
|

Constructive!
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Convexity: Geometric Properties

Lemma (Characterization of minima and maxima). Let f: X — R be convex. Let f have minimizer
set X nin = argmin f(x) and maximizer set X, ‘= argmax f(x). Then,
X X
Xmin 1S cOnvex
If Xmax # O, it either contains a boundary point of X or X has no boundary points

Moreover, if f is strictly convex, Xhin = {x*} and X, only contains boundary points if it is
nonempty.

o f is strictly convex iff((l —Dx+ Ax’) <A-Dfx)+Af(x")Vvx,x' € X,1€(0,1)

o W € X is aboundary point Ax,x’ € X,A1 € (0,1) suchthatw = (1 —A)x + Ax’

N/
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Convexity: Geometric Properties

Theorem (Separating Hyperplane Theorem). Let S € R" be compact and convex and suppose

Xo & S. There is a separating hyperplane g € R" such that
(g; xo) > (g, x) Vx €ES

Moreover, if X, € S is a boundary point, there is a supporting hyperplane g € R", g # 0 such that
(9,x0) =(g9,x) Vx€ES

Proof.
Define a potential function f(x) = ||x — x,||5 forx € S
f is convex, and even strictly convex

x* = arg melbr} f(x) exists (by the compactness of S) and is unique (by the previous lemma)
X

First-order optimality implies that (Vf(x*), x* — x) = 2{(x — x5, x* — x) < Oforanyx € S
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Convexity: Geometric Properties

Theorem (Separating Hyperplane Theorem). Let S € R" be compact and convex and suppose
Xy € S. There is a separating hyperplane g € R" such that
(g,x,) >(g,x) Vx€ES

Moreover, if X, € S is a boundary point, there is a supporting hyperplane g € R", g # 0 such that
(9,x0) =(g9,x) Vx€ES

Proof.
First-order optimality implies that (Vf(x*), x* — x) = 2(x* — xp, x* — x) < Oforanyx € S
Define g == x, — x* # 0.

Then we have
(g,x) <(g,x*) =(g,x0) +(g,x* —x5) =(g,x0) — llgll5 < (g, x0)
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Convexity: Geometric Properties

Theorem (Separating Hyperplane Theorem). Let S € R" be compact and convex and suppose

Xo & S. There is a separating hyperplane g € R" such that
(g; xo) > (g, x) Vx €ES

Moreover, if X, € S is a boundary point, there is a supporting hyperplane g € R", g # 0 such that
(9,x0) =(g9,x) Vx€ES

{x:(g,x) <c}
c:=(g,x*)
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Convexity: Geometric Properties

Theorem (Separating Hyperplane Theorem, General form). Let A,B C
R"™ be two disjoint convex subsets of R". Then, there exist g # 0 €
R™ and ¢ € R such that

(g, x)=>c=>(g,y) VxeAyeERB

Moreover, both A and B are closed, and at least one of them is
compact, then there exist ¢4, ¢, € R such that
(g,x)>c,>c, >(g,y) Vx€EAYERB
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Convexity: Geometric Properties

Theorem (Hahn-Banach Theorem). Let (R™, [|:||) be a Banach space and let U € R" be a
subspace. Suppose F: U — Ris a linear function with F(x) < ||x|| for all x € U. Then there exists
a linear function F: R™ — R so that

F(x)=F(x) vxeU
F(x) <|lx|| vx € R®
K ={x € R":||x|]| = 1}

{(c,x)=1

A={x€eU:F(x) <1}
A B U

B={xeU:F(x) >1}
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Application of Separating Hyperplane Theorem

Primal LP Dual LP
maxc'x minb'y
s.t. Ax < b s.t. ATy >c
x € R%, y € R

Theorem (Duality Theorem for LPs). If P and D are a primal-dual pair of LPs, then one of the four
cases happens:

1. Both are infeasible
2. Pisunbounded and D is infeasible
3. D isunbounded and P is infeasible

4. Both are feasible and there exist optimal solutions x,y to P and D such thatc'x = b'y
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Application of Separating Hyperplane Theorem

Lemma (Farkas). Let A € R™*™ and b € R™. Then exactly one of the following two cases holds:
1. There exists x € R" suchthat Ax =bandx > 0
2. Thereexistsy € R™ suchthat ATy > 0andbTy < 0
Proof.
Let a4, ..., a, be the columns of A

Define the convex cone:

7

C:={Ax:x20}={ xiai:xiZO}

=1

Case 1is equivalentto “b € C?”

Suppose Case 1 is false, i.e., b & C, we'll prove that Case 2 must hold
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Application of Separating Hyperplane Theorem

Lemma (Farkas). Let A € R™*™ and b € R™. Then exactly one of the following two cases holds:
1. There exists x € R" suchthat Ax =bandx > 0

2. Thereexistsy € R™ suchthat ATy > 0andbTy < 0

Proof.

By the separating hyperplane theorem, there exists y # 0 and a € R such that
(y,z) >a>(y,b) VzeC

Since0 € C,wehavea < 0and b’y <0
Since Aa; € C forany A > 0andi € [n], we have la]y > «a
Thus, a]y > 0. Thatis, ATy > 0

It remains to show that Cases 1 & 2 cannot be true at the same time
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Convexity: Subgradient

Let f: X = R. Wesay g is a subgradient of f at x € X if
fxX)=fx)+(g,x —x) VX' eX
We denote the set of subgradients of f at x by df (x)

If f is convex, then Vf is a subgradient everywhere

Lemma. Let f: X — R be convex and suppose X € R". For all x € relint(X), the relative interior of X,

af (x) = @

x is in the interior of X if there is an open neighborhood of x contained in X. When X € R™ and X is
not full-dimensional, the relative interior of X is the interior of X within the smallest subspace

containing it
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Convexity: Subgradient

Let f: X = R. Wesay g is a subgradient of f at x € X if
fxX)=z=fx)+(g,x —x) VX' eX
We denote the set of subgradients of f at x by df (x)

Lemma. Let f: X — R be convex and suppose X € R". For all x € relint(X), the relative interior of X,

of (x) # @
Proof.

Since (x,f(x)) lies on the boundary of epi(f), by the hyperplane separation theorem, there exists
(a,b) # 0 € R™ X Rsuch that (a,x) + bf(x) = (a,y) + bt forany (y,t) € epi(f)

Since t can be arbitrarily large, b < 0. We claim that b # 0

Ifa = 0,then b # 0 as otherwise (a,b) = 0

If a # 0, we can take y := x + ea € X for a sufficiently small € > 0 (since x € relint(X))
(a,x) + bf(x) = {a,y) + bt ={a,x) + €|lall3 + bt = bf(x) >bt = b <0
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Convexity: Subgradient

Let f: X = R. Wesay g is a subgradient of f at x € X if
fxX)=fx)+(g,x —x) VX' eX
We denote the set of subgradients of f at x by df (x)

Lemma. Let f: X — R be convex and suppose X € R". For all x € relint(X), the relative interior of X,

of (x) # @

Proof.
(a,x) + bf(x) ={(a,y) + bt forany (y,t) € epi(f) and b < 0
Since (x’,f(x’)) € epi(f),

(a,x) + bf(x) ={(a,x")+bf(x') = f(x')=f(x)+ <—%,x’ —x>

Thus, g := —a/b € 0f (x)
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Convexity: Convex Hull

For A € R", the convex hull of A is the set of all convex combinations of points from A:

k k
conv(4) = z&ixi ck>1,x,..., X, EA A = O,Z/li =1
i=1

=1

Theorem (Carathéodory). Let A € R™ and let x € conv(4). Then x is the convex combination of
at mostn + 1 pointsin A
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Convexity: Convex Hull

Theorem (Carathéodory). Let A € R™ and let x € conv(4). Then x is the convex combination of
at mostn + 1 pointsin A

Proof.

Attach an additional coordinate to each vector, and we have

K k
(T):ZAL'(C?); aiEA,/li>O,ZAi:1
t=1 i=1

Let k be the smallest possible for which the above equation holds,and k > n + 1

Then, the k vectors in R®*! are linearly-dependent:

K
du; ER s.t z,ui (c;i) = (8)
i=1
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Convexity: Convex Hull

Theorem (Carathéodory). Let A € R™ and let x € conv(4). Then x is the convex combination of
at mostn + 1 pointsin A

Proof.

Thus, forany t € R,

k k
(T):Z(Ai-l't“i) (Cii)' a; €44 >0,2/11- =1L u eR
=1 i=1

Since all 4; > 0, by choosing t sufficiently small we can make at least one coefficient A4; = 0 while
keeping all others positive

This contradicts the minimality of k
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Cutting-plane methods

Theorem (Polynomial-time convex optimization). Let f: X — R be convex for X < R™ and
assume the range sup f — inf f bounded by poly(n). There is an algorithm which uses

0 (n log (g)) queries to an evaluation and subgradient oracle for f, and poly (n, logé) additional
time, such that with high probability, the algorithm returns x satisfying
f(x) < min f(x") +€
X
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Cutting-plane methods

Game theory perspective of cutting-plane methods

Turn t (starting from t = 0):

If Vol,,(S;) < Vi, the game ends

Alice Bob

Alice choose x; and send to Bob ) E

Bob choose g, € R" s.t. {(g;, x;) > (g, x) Vx € §* and send to Alice

If x, € S*, the game ends

S02S" Compact, convex

Alice update S 2 S; N H; where
P t+1 t t ot c R"

H, = {x € R*: (g, x) <{(g,, x:)}
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Cutting-plane methods

Lemma. Let f: X' — R be convex for X’ c R", and suppose f has minimizer set X* := arg rréi)rclf(x).
X
1

Suppose we play the cutting-plane game initialized from Sy < X, and let a = (VOVIL(‘;))"
n\20

Further, suppose Alice always chooses x; € relint(S;), and Bob (who holds $* « X*) plays by ending the
game if 0 € df (x;), and returning g, € df (x;) otherwise.
If the game terminates in T iterations, letting f* := min f (x), we have

min f(x) < f* + @ (max /(@) - f*)

te[T]

If Vol,,(S;) < V., the game ends
Alice dhaa = 2 Bob

Q Alice choose x; € relint(S,) and send to Bob ‘ E
m If 0 € df (x;), the game ends m

Bob choose g; € df (x;) and send to Alice

<

Alice update S;,; 2 S; N H, X7 = arg Ecréi}?f(x)
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Cutting-plane methods

Lemma. Let f: X' — R be convex for X’ c R", and suppose f has minimizer set X* := arg rréijrclf(x).
X
1

Suppose we play the cutting-plane game initialized from Sy < X, and let a = (\/onL(lg))n
n\20

Further, suppose Alice always chooses x; € relint(S;), and Bob (who holds $* « X*) plays by ending the
game if 0 € df (x;), and returning g, € df (x;) otherwise.
If the game terminates in T iterations, letting f* := min f (x), we have

min f(x) < f* + @ (maxf(2) — f*)

te[T]
Proof.

X; € X is equivalent to:
fx) <fx) vxeX & flx)+(0,x—x;)<f(x) VxeX & 0€if(x,)

If x; & X, then for any x* € X*, we have

0>f(x*) —flx) 2(ge,x" —x1) & (G, x) >(ge, x7)
Thus, Bob’s choice is valid
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Cutting-plane methods

Lemma. Let f: X — R be convex for X ¢ R", and suppose f has minimizer set X* := arg néi)rclf(x).
X

Vmin Tll
Voln(So)) '
Further, suppose Alice always chooses x; € relint(S;), and Bob (who holds S* « X*) plays by ending the
game if 0 € df (x;), and returning g, € df (x;) otherwise.

If the game terminates in T iterations, letting f* := min f (x), we have

min f(x0) < f* + a(max f(2) ~ £*)

Suppose we play the cutting-plane game initialized from S, < X, and let a = (

Proof.
Forany x* € X*, considerthesetS, ={x=01-a)x*"+az:ze X} =1 —-a)x* + aX
We have Vol,,(S,) = a™Vol,(X) = a™Vol,(Sy) = Vyin
If Vol.,,(S7) < Vi,in, then 3x € S,\S7 suchthatx = (1 — a)x* + az

Then, 3t € [T] such that x ¢ H,
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Cutting-plane methods

Lemma. Let f: X — R be convex for X ¢ R", and suppose f has minimizer set X* := arg néi)rclf(x).
X

Vmin Tll
Voln(So)) '
Further, suppose Alice always chooses x; € relint(S;), and Bob (who holds S* « X*) plays by ending the
game if 0 € df (x;), and returning g, € df (x;) otherwise.

If the game terminates in T iterations, letting f* := min f (x), we have

min f(x0) < f* + @ (max f(2) ~ £*)

Suppose we play the cutting-plane game initialized from S, < X, and let a = (

Proof.

Then, 3t € [T] such that x &€ H,, which implies that
fx) = f(x) +(ge, x — x) = fx¢)

Thus,
fx)<f<0-afx)+af(z) <f"+ a(rzne%g(f(z) —f*)

February 18,2026 33



Cutting-plane methods

Lemma. Let f: X — R be convex for X ¢ R", and suppose f has minimizer set X* := arg néi)rclf(x).
X

Vmin Tll
Voln(So)) '
Further, suppose Alice always chooses x; € relint(S;), and Bob (who holds S* « X*) plays by ending the
game if 0 € df (x;), and returning g, € df (x;) otherwise.

If the game terminates in T iterations, letting f* := min f (x), we have

min f(x0) < f* + @ (max f(2) ~ £*)

Suppose we play the cutting-plane game initialized from S, < X, and let a = (

To implement the cutting-plane game / cutting-plane method, we need:
Evaluation oracle: O¢(x) = f(x) if x € X and o otherwise

Subgradient oracle: Oy¢(x) returns an element in f (x) (if 0 € df (x) returns 0 by default)

To obtain {2[1% f(x:) < f* + €, let R be the range of f and we can take a := %
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Cutting-plane methods

To obtain grel[lﬁ f(x;) < f* + €, let R be the range of f and we can take a = %

By assumption, R = poly(n), and we need
Vol.,(S7) - e

n _—_

Vol,(Sy) ~ T ham

Theorem (Grinbaum). Let S € R™ be convex and let x5 be the barycenter of S. Then any

halfspace
H={x€eR":(g,x) < (g xs)}

whose defining halfplane passes through x satisfies Vol ,(S N H) > iVoln(S)
If Alice choose x; = X5 and S;,; = S; N H,, then Vol (S;41) < (1 — i) Vol (S;)

Thus, it sufficestotake T = O (n log%)
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Cutting-plane methods

Theorem (Polynomial-time convex optimization). Let f: X — R be convex for X < R™ and
assume the range sup f — inf f bounded by poly(n). There is an algorithm which uses

0 (n log (g)) queries to an evaluation and subgradient oracle for f, and poly (n, logé) additional
time, such that with high probability, the algorithm returns x satisfying
f(x) < min f(x*) + €
X*eX
CPM can be viewed as a “binary search” in high dimensions

We only proved the query complexity. For polynomial-time implementation, we need to estimate the
barycenter by uniformly sampling points inside S; (a polytope)

The ellipsoid method is much easier to implement in each iteration, but it needs O(n?) iterations

The state-of-the-art CPM implementation is by (Jiang-Lee-Song-Wong '20)
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Log-concavity

A function F: R™ — R is called log-concave if one of the following equivalent conditions hold:
. F(x) = exp(—G(x)) for some convex function G: R™ - R U {0}
0 ln(F(x)) is concave

« FAx+ (@1 —=2Dy)=>Fx)* -F(y)'*forallx,y € R* and 1 € [0,1]

> Log-concave functions frequently appear in sampling where the probability density functions are log-concave.

> Intuitively, just as convex optimization being easy since convexity can rule out disjoint sets of minimizers, log-
concave sampling is easy since log-concavity can rule out disjoint modes

> We often say u(x) « F(x) is a log-concave distribution, which means the normalizing constant is hidden:
F(x)

u(x) = — Z = [ F(x)dx
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Log-concavity

A function F: R™ — R is called log-concave if one of the following equivalent conditions hold:
. F(x) = exp(—G(x)) for some convex function G: R® - R U {o0}
ln(F (x)) is concave

- FAx+ (1 =2y) =F(x)* - F(y)'*forallx,y € R*and 1 € [0,1]

u(x) o« exp(—|lx]|%), i.e., multivariate Gaussian distribution
u(x) «< 1[x € S] for a convex set S, i.e., uniform distribution over a convex body

F:R™ - R, concave, then F is also log-concave

(Nontrivial) Let K be a convex set, 8 € R™, define G(t) = Vol,,(K n {x € R™:(0, x) < t}). Then G(t)1/"
is concave and G (t) is log-concave
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Log-concavity

Lemma (1d log-concavity). Let G: R = R, be log concave. Then for t* € R we have

G(t) < G(t*) exp ((t —t*) - ng:;) VteR

> If the derivative of a log-concave function < 0 at any point, then it must decay at an exponential rate

Proof.

Since In G is concave, we have
G'(t*)
G(t*)

InGt) <nGt)+(t—t") -UInG(t")) =InG({t") + (£ —t) -

Exponentiating both sides proves the lemma G(t*)-exp((t — 1*)- £

February 18,2026 40



Log-concavity

Theorem (Griinbaum). Let K € R™ be convex with Vol,,(K) = 1 and let 0 be the barycenter of K.
Then any halfspace H = {x € R" : (g, x) < 0} satisfies Vol , (K N H) > 1/e

Proof.
We can scale g so thatforany x € K, (g, x) € [—1,1]
Define G(t) := Vol,,(K Nn{x € R™: (g, x) < t}). Then G is log-concave (see the nontrivial example)
G(—1)=0,6(1) =1,and G(0) = Vol,,(K N H)
G'(t) =Vol,_{(Kn{x € R":(g,x) =t}) (i.e. the area of the hyperplane)
Fact: O is the barycenter of K iff th -Vol,_,({x € K:(08,x) = t})dt = 0 forany 8 € R"*1

Thus,
1

0 = JltG,(t)dt = tG(t) ‘; — J 1G(t)dt — j_llg(t)dt =1

-1 —_
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Log-concavity

Theorem (Griinbaum). Let K € R™ be convex with Vol,,(K) = 1 and let 0 be the barycenter of K.
Then any halfspace H = {x € R" : (g, x) < 0} satisfies Vol , (K N H) > 1/e

Proof.
Define G(t) := Vol,,(K N {x € R™: (g, x) < t}). Then G is log-concave (see the nontrivial example)

G(—1)=0,6(1) =1,and G(0) = Vol,(K N H)

1

1= j_ll(;(t)dt < j_lmin {G(O) exp (t Cé((g))>1} dt = ji G(0) exp <t C(;;,(((?))> dt + (1 —a)

G (0 HOMNE G(0)? G'(0 G(0)
SG(O)G,((O))eXp<t G((O))> +(1—-a) = (0) exp(a ( )>+(1—C¥) “:_GI(O)IHG(O)

G'(0) G(0)

— 00

_G(0) G(0) - 6(0) 1
_G’(O)+1+G’(O)IHG(O) = G,(O)(1+lnG(O))20 = G(O)Zg
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Today’s Lecture

- Why Non-Convex Optimization Is Hard
« Convexity

- Cutting-Plane Method

- Log-concavity

« Brunn-Minkowski Inequality
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Brunn-Minkowski Inequality

Theorem (Brunn-Minkowski, v1). Let A, B € R" be non-empty compact sets. Then

1 1 1
Vol,(AA+ (1 = )B)n > - Vol (A)n + (1 — 1) - Vol,(B)n VA € [0,1]

Theorem (Brunn-Minkowski, v2). Let A, B € R™ be non-empty compact sets. Then

1 1 1
Vol (A + B)n = Vol,(A)n + Vol (B)n

Theorem (Brunn-Minkowski, v3). Let A, B € R™ be non-empty compact sets. Then
Vol,,(1A + (1 — 2)B) = Vol,,(4A)* - Vol,(B)*™* vA€[0,1]

> A+B={a+b:a€ADbce€B}

> Very powerful results since they still hold even if A and B are non-convex

®
L =

0
4 : A+B
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Brunn-Minkowski Inequality

Theorem (Brunn-Minkowski, v0). Let A, B € R" be non-empty compact convex sets. Then
Vol (14 + (1 — D)B)n = 1 Vol, (A)n + (1 — A) - Vol,(B)r VA € [0,1]
Proof.
We increase the dimension from n to n + 1, and embed 4 to the hyperplane x,,.; = 0, Bto x,.1 = 1

Let K = conv((A x {0}) U (B X {1})), and K(t) ={x e R": (x,t) € K} fort € [0,1]

Kt)=1-t)-A+t-B / / /
If we can show thatt — Voln(K(t)) is log-concave, then =377 _-_‘_‘_::j,

Vol,(K(A-0+(1—2) 1)) = Voln(K(O))A : VOln(K(1))1" T RS
\ . J —— M :.-_'_'_____ o
A+ (1 - 1B A B /
1
For the additive form, take A" := < -, B’ := 5 - and A = VOlln(A)" - Kk (0) K(t) k(1)

Vol,(4A)n Vol,(B)n Vol,,(4)n+Vol,(B)n
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Detour: Steiner Symmetrization

Let K € R™ be a convex body and u € §™"~! a unit direction. The N
Steiner symmetral S,,(K) € R" of K in direction u is defined so that
forevery x € ut,

Vol ((x + Ru) N K) = Vol ((x + Ru) n S, (K))
where (x + Ru) N S,(K) is an interval centered at x

Properties:
S, (K) is symmetric w.r.t. the hyperplane ut

K convex = S, (K) convex
Vol, (S, (K)) = Vol, (K)

Suppose Vol,,(K) = Vol,,(rBY). Then there exists a sequence of vectors u; € S~ so that the sequence
K; == 8, (K;_1) with K, := K converges to 7B}
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Detour: Steiner Symmetrization

Theorem (Brunn’s Concavity Principle). Let K € R™ be a convex body and let U € R" be a k-
dimensional subspace. Then the function F: Ut — R defined by F(x) = Volk(K N (U + x))l/k is

concave on its support.

Proof.

Apply the Steiner Symmetrization for all directions u € U and let K be the limiting convex body

K n (U + x) is a k-dimensional ball of radius (x) such that
r(x)* - Vol (BE) = Vol, (RN (U + %)) = Vol (KN (U + %)) = F(x) vx € U*

K convex = K convex = r(x) concave = F(x) concave

x+U
AU : AU
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Brunn-Minkowski Inequality

Theorem (Brunn’s Concavity Principle). Let K € R™ be a convex body and let U € R" be a k-

dimensional subspace. Then the function F: Ut — R defined by F(x) = Volk(K N U + x))l/k is

concave on its support.

WetakeU ={x e R"*1:x, ., =0},andk =n

Then, t » Vol,, (K N (U + (0, t))) = Voln(K(t))l/n is concave / / /
By the property of log-concavity, Vol,, (K (t))l/n is also log-concave ﬂ':‘i :_::—%:-E;::-
Thus, %ln Vol,,(K(t)) concave = Vol,,(K(t)) log-concave =’-:-:_:-:T:“--___._/
Therefore, the B-M inequality holds for convex A, B K(0) K() K(1)
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Brunn-Minkowski Inequality

Theorem (Prékopa-Leindler Inequality). For0 < A < 1, let f, g, h: R" = IR be measurable

functions so that
h(ax+ (1= Dy) = f(D*gN** vxyeR"
Then

h(x)dx = ( Rnf(x)d;»cyL - ( jR ng(x)dx)l_l

]Rn

Corollary. Let u, u': R™ — R be log-concave.

1. LetS C [n]andlet ug(xg) := fR[d]\S u(xg, x_s)dx_g be the marginal on S. Then g is log-concave

2. Let (u*pu)(x) = [ ulx — y)u'(y)dy be the convolution of g and u'. Then u = u' is log-concave
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Brunn-Minkowski Inequality

Corollary. Let u, u': R™ — R be log-concave.

1. LetS S [n]andlet ug(xg) := fR[d]\S u(xs, x_s)dx_g be the marginal on S. Then ug is log-concave
2. Let (u*u")(x) = [ ulx —y)u'(y)dy be the convolution of and u'. Then p * i’ is log-concave

Proof of 1.

For xg, x5 € RS and A € (0,1), let f(x_g) == ulxg, x_s), g(x_s) = u(xs, x_g), h(x_g) = u(Axg +
(1 - A)x.,S') x—S)

h(Ax_s + (1 — Dxlg) = p(Ax + (1 — Dx") = p(0) u(x)* = flx_9)*g(x 12
By Préekopa-Leindler Inequality, we have

A 1-1
j udxs + (1 — ADxg, x_g)dx_g = <j u(xs, x_S)dx_S> : (j u(xs, x_S)dx_5>
R JRn JRn

\ J

us(Axs + (1 — Dxg) us(xs) us(xs)
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Brunn-Minkowski Inequality

Corollary. Let u, u': R™ — R be log-concave.

1. LetS S [n]andlet ug(xs) := fR[d]\S u(xs, x_g)dx_g be the marginal on S. Then ug is log-concave
2. Let (u*u")(x) = [ u(x —y)u'(y)dy be the convolution of and u'. Then p * " is log-concave

Proof of 2.

Forx,x' € R"and A € (0,1), we want to show

A 1-1
f pudx + (1 - Dx" —y)u'(y)dy = ( J u(x — y)u’(y)dy> : ( f u(x' — y)u’(y)dy)
R J R J R J

n ni nu
| |

1

=: h(y) = f(y) =:g(y)

We need to check the condition in Prékopa-Leindler Inequality: Vy,y' € R",

hQy + (1= Dy") = u(Ax— ) + (1 = D' = y))' Ay + (1 = Dy")
> u(x — ) ulx’ =y (A’ N = ) gt
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Brunn-Minkowski Inequality

We show one more application of Préekopa-Leindler Inequality

Suppose we want to prove that for a convex set S € R"™ that is symmetric w.r.t. 0,
arg sup Pr [xe(S+w)]=0

weRn X~N(0,1,)
That is, a random Gaussian vector falls in S + u with the highest probability when u = 0

Such kind of result is useful in anti-concentration or small ball probability

Consider u(x) o« exp(— ||x]|5/2) and ' (x) = exp(—(SS(x)) where d; is the indicator function for S

Corollary (2) gives that u’ * u is log-concave

W@ = [ W= yrody = | em1x-yesidy= | umdy

R™ RN x+S

By log-concavity and the symmetry, arg sup (¢’ * u)(x) =0

UeRM
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